ABSTRACT. We prove that amenability of a unitary co-representation U of a locally compact quantum group passes to unitary co-representations that weakly contain U . This generalizes a result of Bekka, and answers affirmatively a question of Bédos, Conti and Tuset. As a corollary, we extend to locally compact quantum groups a result of Ng, which characterizes amenability of a locally compact group G by nuclearity of the reduced group C * -algebra C * r (G) and an additional condition.
INTRODUCTION
A well-known result of Lance says that if a locally compact group G is amenable then its reduced group C * -algebra C * r (G) is nuclear, and that the converse holds when G is discrete [Lan73, Proposition 4.1 and Theorem 4.2] (but not generally; see Connes [Con76, Corollary 7] ). It is thus interesting to look for a condition whose combination with nuclearity of C * r (G) is equivalent to amenability of G for an arbitrary locally compact group G. This problem was solved recently by C.-K. Ng [Ng15, Theorem 8] , who proved that G is amenable if and only if C * r (G) is nuclear and possesses a tracial state. In Section 3 we extend Ng's theorem to locally compact quantum groups in the sense of Kustermans and Vaes. This result bears some resemblance to recent characterizations of amenability in terms of various notions of injectivity, which have proven to have many applications [SV14, CN16, Cra16] .
A key tool used in our proof is that of amenability of (unitary) co-representations of locally compact quantum groups. This notion was introduced for groups in the fundamental work of Bekka [Bek90] . It is related to group amenability by the fact that a locally compact group G is amenable if and only if every representation of G is amenable, if and only if the left regular representation of G is amenable. Another useful result of [Bek90] asserts that if π 1 , π 2 are representations of G such that π 1 is amenable and is weakly contained in π 2 , then π 2 is also amenable.
Bédos, Conti and Tuset [BCT05] and Bédos and Tuset [BT03] introduced amenability of corepresentations of locally compact quantum groups, generalizing Bekka's notion. One question they left open was whether amenability was well-behaved with respect to weak containment as proved for groups by Bekka. We provide an affirmative answer to this question in Section 2. It is then employed to establish the main result of Section 3.
PRELIMINARIES
For a (complex) Hilbert space H we denote by B(H), respectively K(H), the C * -algebra of all bounded, respectively compact, operators on H. Representations of C * -algebras are assumed to be nondegenerate. For a C * -algebra A, we write id for the identity map on A and 1 for the unit of A, if exists. We denote by M(A) the multiplier algebra of A. For details on multiplier algebras, the strict topology and related topics, consult [Lan95] . The symbols ⊗ min and ⊗ stand for the minimal tensor product of C * -algebras and the normal spatial tensor product of von Neumann algebras, respectively. We will use terminology and results from operator space theory; see [ER00] as a general reference.
A locally compact quantum group
, where L ∞ (G) is a von Neumann algebra and ∆ is a co-multiplication, namely a normal unital * -homomorphism
admitting a left-invariant weight and a right-invariant weight [KV00, KV03, VD14 ]. The precise definition of left/right invariance will not be needed here explicitly, and so we refer the reader to the above references for details, as well as for the following facts. Each LCQG G has a dual LCQG, denoted byĜ. The von Neumann algebras L ∞ (G) and L ∞ (Ĝ) act standardly on the same Hilbert space. A very important object is the left regular co-representation of G, which is a multiplicative
has a canonical weakly dense C * -subalgebra C 0 (G), and we have
of G with the property that there is a bijection between co-representations U of G and representations
The simplest examples of LCQGs are given by locally compact groups G. The associated
The dual of G is the LCQGĜ whose associated algebras L ∞ (Ĝ), C 0 (Ĝ) and C u 0 (Ĝ) are the (left) group von Neumann algebra VN(G), the reduced group C * -algebra C * r (G) and the full group C * -algebra C * (G) of G, respectively, and the co-multiplication ofĜ maps λ g to λ g ⊗ λ g for every g, where (λ g ) g∈G is the left regular representation of G.
A LCQG G is called compact if C 0 (G) is unital. This is equivalent to the left-and right-invariant weights being equal and finite. A LCQG is called discrete if its dual is compact. See [Wor98, ER94, VD96] , and also [Run08] for the equivalence of different characterizations.
AMENABILITY OF CO-REPRESENTATIONS AND WEAK CONTAINMENT
In this section we extend an important result of Bekka [Bek90] 
The state m is said to be a left-invariant, respectively right-invariant, mean of U.
Definition 2.2. For i = 1, 2, let U i be a co-representation of a LCQG G on a Hilbert space H i , and write π i for the associated representation of C u 0 (Ĝ) on H i . We say that U 1 is weakly contained in U 2 if π 1 is weakly contained in π 2 [Dix77, Section 3.4], that is, ker π 2 ⊆ ker π 1 . We require the next lemma, which follows as a particular case from [Neu04] . For the reader's convenience, we give its short proof. 
Proof. Uniqueness is clear. The map CB(A * , B) → CB(A * , C) given by T → Φ • T for T ∈ CB(A * , B) is evidently well defined and with cb-norm at most Φ cb . Using the natural completely isometric identifications A ⊗ B ∼ = CB(A * , B) and A ⊗ C ∼ = CB(A * , C) as operator spaces [ER00, Theorem 7.2.4 and Proposition 7.1.2] we get a linear map id ⊗ Φ : A ⊗ B → A ⊗ C with cb-norm at most Φ cb that satisfies (2.1). Since (id ⊗ Φ)(a ⊗ b) = a ⊗ Φ(b) for all a ∈ A and b ∈ B, this implies that id ⊗ Φ cb = Φ cb .
Proof of Theorem 2.3. Let U i be a co-representation of G on a Hilbert space H i , and write π i for the associated representation of C u 0 (Ĝ) on H i (i = 1, 2). By assumption, there exists a * -homomorphism π : Im π 2 → Im π 1 given by π • π 2 = π 1 . Denote by π the (unique) extension of π to a unital * -homomorphism M(Im π 2 ) → M(Im π 1 ) ⊆ B(H 1 ) (actually, the extension of π to the trivial unitization of Im π 2 would suffice). Viewing π as a representation of M(Im π 2 ) on H 1 , we extend it to a unital completely positive map Φ : B(H 2 ) → B(H 1 ) by Arveson's extension theorem. Consider now the map id ⊗ Φ :
given by Lemma 2.4, which is unital and completely positive as Φ is. The unitaries
Hence U 2 belongs to the multiplicative domain of id ⊗ Φ [Pau02, Theorem 3.18]. As a result, for every x ∈ B(H 2 ),
The proof for right amenability is similar.
AMENABILITY OF LOCALLY COMPACT QUANTUM GROUPS
This section is devoted to Theorem 3.2 below, which provides a condition that sits between amenability of a LCQG G and co-amenability of its dual. When G is discrete (or a group), all three conditions are equivalent.
Definition 3.1 ([DQV02, BT03] ). Let G be a LCQG.
(1) We say that G is amenable if it has a left-invariant mean, namely a state m of L ∞ (G) that satisfies
(2) We say that G is co-amenable if there exists a state ǫ of C 0 (G) that satisfies (ǫ⊗id)(W ) = 1.
A locally compact group G is amenable if and only if it is amenable in the above sense when viewed as a LCQG. For every LCQG G, co-amenability ofĜ implies amenability of G [BT03, Theorem 3.2]. The converse holds when G is a locally compact group (by Leptin's theorem) and when G is discrete (see for instance [Tom06] ). Whether it is true in general is arguably the most important open question in LCQG amenability theory.
Theorem 3.2 generalizes the main result of [Ng15] . Indeed, let G be a locally compact group. Write M(C * r (G)) s for the multiplier algebra M(C * r (G)) endowed with the strict topology. The left regular co-representation 
If ρ ∈ C * r (G) * is a trace, then this function equals ρ(x) identically on G, i.e., ρ satisfies (3.1) below. Indeed, this is because the unique extension of a trace on a C * -algebra to its multiplier algebra that is strictly continuous on the closed unit ball is also a trace.
Theorem 3.2. Let G be a LCQG. Consider the following conditions:
(1)Ĝ is co-amenable; (2) C 0 (Ĝ) is nuclear, and there exists a state ρ of C 0 (Ĝ) that is invariant under the left C * -algebraic action of G on C 0 (Ĝ), i.e.,
Remark 3.3. Observe that in contrast to the specific case of (locally compact) groups, the second half of condition (2) is not intrinsic to the C * -algebra C 0 (Ĝ). When G is discrete, the Haar state of G has the invariance property of condition (2) if and only if G is a Kac algebra by [Izu02, Corollary 3.9 and its proof] (note the difference in the conventions). Also, one cannot deduce from Theorem 3.2 that for discrete G, nuclearity of C 0 (Ĝ) implies amenability of G-whether this is true remains an open question.
Proof of Theorem 3.2.
(1) =⇒ (2): assume thatĜ is co-amenable. Then G is amenable, so that C 0 (Ĝ) is nuclear by [BT03, Theorem 3.3]. Let ρ ∈ C 0 (Ĝ) be a state such that (id ⊗ ρ)(W ) = 1. Then W belongs to the multiplicative domain of the unital completely positive map id ⊗ ρ :
, from which (3.1) readily follows.
(2) =⇒ (3): suppose that such ρ exists. Writing (H ρ , π ρ , ξ ρ ) for the GNS construction of ρ, ω ξρ for the vector state of B(H ρ ) corresponding to ξ ρ , and W ρ := (id ⊗ π ρ )(W ), we get
for every y ∈ π ρ (C 0 (Ĝ)), hence for every y in the von Neumann algebra M := π ρ (C 0 (Ĝ)) 
In conclusion, the co-representation W ρ is left amenable with ω ξρ • E a left-invariant mean. By definition, W ρ is weakly contained in W , so from Theorem 2.3 we infer that W is left amenable. This evidently implies that G is amenable (in fact, the converse is also true by [BT03, Theorem 4.1]).
For discrete quantum groups, amenability is equivalent to co-amenability of the dual, and we thus have the following consequence. We conjecture that condition (2) is, in fact, equivalent either to condition (1) or to condition (3) for arbitrary LCQGs. However, we were not able to verify this.
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